Let k be an algebraic number field and let N(k, C ; m) denote the number of abelian extensions K of k with G(K/k) ∼ = C , the cyclic group of prime order , and the relative discriminant D(K/k) of norm equal to m. In this paper, we derive an asymptotic formula for m X N(k, C ; m) using the class field theory and a method, developed by Wright. We show that our result is identical to a result of Cohen, Diaz y Diaz and Olivier, obtained by methods of classical algebraic number theory, although our methods allow for a more elegant treatment and reduce a global calculation to a series of local calculations.
Introduction
The principal objective of this paper is to address the problem of counting the number of finite extensions of an algebraic number field. More specifically, given an algebraic number field k and a finite abelian group G, we would like to count the number N(k, G; m) of Galois extensions K of k with Galois group G(K/k) isomorphic to G and the relative discriminant D(K/k) of absolute norm m. As usual in number theory, we will not be able to pinpoint individual values of N(k, G; m). However, we will be able to determine how large N(k, G; m) is on the average. The latter is equivalent to finding an asymptotic formula for m X N(k, G; m), an explicit computation of which is given in this paper.
The study of discriminants of algebraic number fields goes back to Dedekind and Hermite. Hermite was the first to show that the number of extensions K of k with discriminant of a given norm is finite. A breakthrough in the study of the density of discriminants of abelian Galois extensions occurred with the publication of Hasse's Conductor-Discriminant formula [4] (a short proof can be found in [12] ). With the help of this formula, one can express the discriminant of an abelian extension in terms of conductors of associated characters. The earliest papers, such as [3, 14] , that gave asymptotics for k = Q and a cyclic group G = Z/ Z of prime order , appeared in the early 1950s. More recently, Mäki [8] gave asymptotics for k = Q and arbitrary G. The underlying principle invoked in her work is that abelian number fields of absolute conductor f are contained in the field generated by the f th roots of unity, and that the conductor is the smallest such integer. The conductor density has also generated some interest in recent years. In [13] , Taylor computed the density of conductors of cyclic extensions of degree n of a number field k under an assumption that k contains the 2 g th roots of 1, where 2 g is the exact power of 2 that divides n. In [9] Mäki gave an asymptotic formula for the number of abelian extensions K of Q with G(K/Q) ∼ = G and 0 < f (K) X, where G is a fixed finite abelian group. For an early work on conductor density, see [6] . An extensive list of references to related works can be found in [10] .
The definitive paper on the density of discriminants of abelian extensions is undoubtedly a paper of Wright [15] . He proved, using class field theory, that there exists a positive constant c(k, G) such that Since Wright carried out his work in a very general context, he did not compute the constant c(k, G) explicitly. Recently, Cohen, Diaz y Diaz and Olivier [1] determined this constant for G = Z/ Z using classical algebraic number theory. Their methods are entirely global; no class field theory is used in their paper. To state their result, we first introduce the following notations.
Let k z = k(ζ ) be the field obtained by adjoining the primitive th root of unity ζ to k. Notice that the extension k z /k is a cyclic extension whose degree is some divisor d z of − 1. For a detailed study of such cyclotomic extensions, we direct the reader to [2] . For notational simplicity, set 
If in addition p | , we denote by e(p) = e(p/ ) the absolute ramification index of p over . Finally, for any integer e, we denote by r(e) the unique integer such that e ≡ r(e) mod ( − 1) with 1 r(e) − 1. If x is a real number, x denotes the floor of x, that is, the largest integer less than or equal to x, and x denotes the ceiling of x, that is, the smallest integer greater than or equal to x. Theorem 1. Let k be a number field of signature (r 1 , r 2 ). Let R (respectively D ) be the set of prime ideals of k which are ramified (respectively totally split) in k z /k. Then
Here, r z = 0 if ζ ∈ k, and r z = r 1 − 1 otherwise. By abuse of notation, for any number field L we write ζ L (1) for the residue of the Dedekind zeta function ζ L (s) at s = 1.
In this paper, we replicate the result given in [1] using class field theory following the method of Wright [15] . We use the language of places rather than prime ideals to state our theorem. Consequently, let ν be a finite place of k corresponding to the prime ideal p ν of O k , and let q ν = N p ν . Let e ν = e(p z /p ν ), f ν = f (p z /p ν ), g ν = g(p z /p ν ) be the ramification index, the residual index, and the number of prime ideals dividing p ν in the cyclotomic extension k z of k, respectively. We prove the following theorem.
Theorem 2.
Let k be a number field of signature (r 1 , r 2 ). For a place ν of k that divides , let e(ν) be the ramification index of ν over , and let r 0 (ν) be the least nonnegative residue of e(ν) mod ( − 1). Then
with
where r z = 0 if ζ ∈ k and r z = r 1 − 1 otherwise and ζ k z (1) 
Notations
Throughout this paper, k denotes an algebraic number field and M(k) the set of all places (equivalence classes of absolute values) of k. For ν ∈ M(k), let k ν be the completion of k at ν. For an infinite place ν is of k, we define the absolute value | | ν to be the real absolute value if k ν = R and the square of the complex absolute value if k ν = C. 
ν for all but finitely many ν. Endowed with the restricted product topology, A * becomes a locally compact topological group. We denote by | · | A the idele norm on A * given by
. k * can be embedded into A * by means of the diagonal embedding: a ∈ k * to (a) ν∈M(k) . Then by the product formula k * ⊂ A 1 . Moreover, A 1 /k * is compact. We call A * /k * the idele class group of k.
For a ring R, we denote by R * the group of units of R. Also, for any positive integer n, R * n shall always denote the group of nth powers of units of R.
Let S = M(k) ∞ be the set of infinite places of k. The group of S-ideles of k is the following direct product with the usual restricted product topology:
Since O * ν is compact, the S-ideles form a locally compact abelian group under multiplication. Let I (k) denote the group of fractional ideals of k.
, induces an isomorphism between A * /A * (S) and I (k). This means that every a ∈ I (k) corresponds to an a ∈ A * and that a is uniquely determined up to multiplication by an element of A * (S). We set |a| A = |a| A . Note that |a| A is well defined; moreover, for an ideal a of O k , |a| A = N(a) −1 where N(a) denotes the absolute norm of a.
For
, where (x ν ) is the principal ideal generated by x ν , induces an isomorphism between k * ν /O * ν and the group of fractional ideals of k ν . For
For a locally compact abelian group X, a character on X is a continuous homomorphism
Consequently, there exists a positive integer n such that χ ν = 1 on
If n ν is the smallest such integer, we define the conductor Φ(χ ν ) of χ ν as follows:
Here we think of Φ(χ ν ) as an ideal of O ν . Now, let χ be a character on A * . Then χ = ν∈M(k) χ ν where χ ν are characters on k * ν such that for all but finitely many ν, χ ν | O * ν = 1. For ν ∈ S, χ ν is a continuous homomorphism from R * to S 1 if ν is a real place of k and from C * to S 1 if ν is a complex place of k. While these characters are significant in much of adelic analysis, they will not play a significant part in this paper. The reason for this is that there are no nontrivial characters of finite order on C * , and the only nontrivial character of finite order on R * is the character χ(x) = sgn(x) of order 2. The latter character is responsible for the value of δ ∞ ( ) in Section 5 of this paper.
We set the conductor of χ
Alternatively, we can write
Decomposition of the discriminant series

The conductor and discriminant series
In this section, we introduce the Dirichlet series that counts the discriminants of abelian extensions of a number field with the Galois group isomorphic to a cyclic group of prime order . We use Hasse's Conductor-Discriminant formula [4] to express this series in terms of series counting conductors of characters. The main result of this section is (2) .
By the class field theory, there is a one-to-one correspondence between finite abelian extensions of k and open subgroups of A * containing k * . Moreover, if K is an abelian extension of k such that
Now consider the dual group A * /U K of A * /U K , that is, the group of all characters χ on A * such that χ| U K = 1. The Hasse Conductor-Discriminant formula asserts that
The former case occurs if χ = 1 and the latter if χ = 1.
A * /U K is also a cyclic group of order . Therefore A * /U K = χ for some character χ on
Note that the choice of generator χ of A * /U K is not unique. In fact, A * /U K = χ i for any 1 i − 1.
Definition 3.
For a locally compact group X, let C (X) denote the group of all continuous characters χ on X such that χ = 1. For s ∈ C with Re(s) sufficiently large, define the discriminant series D C (s) and the conductor series F C (s) as follows:
We will show in Section 4.2 that the series defining D C (s) and F C (s) converge absolutely for Re(s) > 1 −1 . The previous discussion implies the following identity relating the conductor and the discriminant series:
The next sections will be devoted to the decomposition of F C (s) into a finite linear combination of series that have Euler products.
Characters on A * (S)
Let S be the set of all infinite places of k and let A * (S) be the group of S-ideles of k. If χ ∈ C (A * /k * ), then the restriction χ| A * (S) defines a continuous character χ S on A * (S) such that χ S = 1. In this section, we will take a closer look at these characters. This in turn will allow us to write F C (s) as a linear combination of Dirichlet series that have Euler product decompositions.
To begin with, let us investigate the following questions:
• Which characters χ S on A * (S) that satisfy χ S = 1 are restrictions of characters on A * /k * with the same property? • How many characters on A * /k * of order restrict to the same character on A * (S)?
Proof. Suppose χ| A * (S) = χ S where χ is a character on A * /k * and χ = 1. Then χ = 1 on A * k * , and therefore χ S = 1 on A * k * ∩ A * (S).
Conversely, suppose χ S = 1 on A * k * ∩ A * (S). Then we can extend χ S to a character χ 1 on A * k * A * (S) by setting χ 1 (xy) = χ S (y) for x ∈ A * k * and y ∈ A * (S). Note that χ 1 is trivial on A * k * . As S 1 ∼ = R/Z is injective, this character in turn extends to a character χ on A * that is trivial on
The next question we want to answer is how many characters on A * /k * of order restrict to the same character on A * (S). First note that the map φ :
, is a homomorphism. ker φ consists of all characters χ such that χ = 1 on
The map φ is not onto. We would like to be able to pinpoint those characters in C (A * (S)) that lie in the image of φ.
Define
The next proposition shows that A (S) is finite. More precisely, we have
Proof. First note that the map ϕ :
is a homomorphism from A * to I (k), where I (k) is the group of fractional ideals of k. This map, composed with the projection I (k) → I (k)/P (k) = C k , where P (k) is the group of principal fractional ideals, induces an isomorphism from A * /k * A * (S) to the ideal class group C k of k. Therefore A * can be written as disjoint union of the sets a i k * A * (S), namely,
where a i is a fixed idele corresponding to an ideal classM i ∈ C k . Here M i ∈ I (k) and ϕ(a i ) = M i . Then
We have a i αu ∈ A * (S), where α ∈ k * and u ∈ A 
Thus the number of distinct elements in 
Decomposition of the conductor series into summands with Euler products
In this section, we give a decomposition of the conductor series into summands that have Euler products.
Let a (S) = |A (S)| and let {ε i : 1 i a (S)} be a set of coset representatives of
Then by orthogonality of characters
where
where means that χ = (χ ν ) ν∈M(k) ∈ C (A * (S)) if and only if χ ν = 1 for all but finitely many ν. For a given χ ∈ C (A * (S)), χ(ε) and Φ C (χ) have the following product decomposi-tions: χ(ε) = ν χ ν (ε ν ) and Φ C (χ) = ν Φ C (χ ν ). This leads to the following Euler product factorization of F C ,S (s, ε):
Thus (3) is the desired decomposition of the conductor series into a linear combination of series that have Euler products.
Analytic continuation
Overview
The principal goal of this section is to study the analytic continuation of F C ,S (s, ε). We write
On the other hand, if = 2 and k ν = C, then C * 2 = C * and C 2 (C * ) = {1}, and if = 2 and k ν = R, then R * /R * 2 ∼ = {±1} and C 2 (R * ) has two characters: χ ν = 1 and χ ν (x) = sgn(x), x ∈ R * . Therefore 
Finite places not dividing
In this section, we will study the finite places ν of k that do not divide . The following lemma is an easy consequence of Hensel's lemma (alternatively, see [ 
Lemma 6. If ν is a finite place of k such that
ν , then 1 + π ν O ν ⊂ O * ν .
Lemma 6 implies that if χ ν is a nontrivial character in C (O
If
is identically equal to 1 and
If q ν ≡ 1 mod , any character χ ν on F * q ν such that χ ν = 1 can be viewed as a character on
. The latter is a cyclic group of order . Hence
consists of precisely characters, − 1 of which are nontrivial. Therefore
whereε ν is the reduction of ε ν mod π ν . Finally, note that
Thus we have proved the following proposition.
Proposition 7. If ν is a finite place of k not dividing ,
The above proposition implies that 
To continue 
Let L be an algebraic number field. Observe that
Here q ν = p f ν ν , where p ν ∈ Z is a rational prime such that ν | p ν , and f ν = f (ν/p ν ). Let T be any subset of M(L) 0 that contains all but finitely many ν with f ν = 1. Then
Consequently
Finally, assume that L is Galois over k, and let D L denote the set of all finite places of k that split completely in L. Note that ν ∈ M(k) 0 splits completely in L if and only if f (ω/ν) = e(ω/ν) = 1. Also note that e(ω/ν) > 1 for only finitely many ν.
Therefore
Let us apply the preceding discussion to the Galois extension k z of k. To this end, let ν ∈ M(k) 0 , ν , and let ω ∈ M(k z ) 0 be such that ω | ν. It is well known that The above proposition implies that
Similarly, since the prime ideal p ν corresponding to the place ν splits completely in k α if and only if q ν ≡ 1 mod and α ∈ k * ν , we obtain
Moreover,
and therefore
For any α ∈ k * and prime , either
In the later case the degree d α is divisible by the relative prime numbers and d z . Hence
The above discussion implies that
Therefore by [7, Chapter XI, §2, Theorem 1] α ∈ k * . Thus α ∈ k * if and only if ε ∈ A * (S), and ε ∈ A * (S) if and only ifε = 1, whereε is the image of ε in 
In this case,
and i (ζ ) = ζ and σ i τ σ
Moreover, by the properties of the Artin symbol, we obtain 
The main result
Overview
We have previously shown that the discriminant series D C (s) and the conductor series F C (s) are respectively given by 
Our principal objective in this section is to compute the limit in (5) . For the sake of brevity, we set
Then P (s) is analytic in the half-plane Re(s) > 1 2( −1) and therefore lim s→
where r 1 is the number of real places of k. We can now write
In the next section, we will compute
We will conclude this section by computing e (S).
Here μ = μ(k) is the finite cyclic group of the roots of unity in k * , and r = r 1 + r 2 − 1.
If is odd and a primitive th root of unity ζ ∈ k * , then r 1 = 0, and
In all other cases,
Hence,
δ ∞ ( ) = r 2 +r z , where r z = 0 if ζ ∈ k * and r z = r 1 − 1 otherwise. Therefore
Finite places dividing
Suppose ν ∈ M(k) and ν | . Let p ν denote the prime ideal of O k corresponding to ν, and let ω be a place of k z such that ω | ν.
for some integer e(ν) > 0. Here e(ν) = e(ν/ ) is the ramification index of ν over . We will write
−1 and r 0 (ν) is the least nonnegative residue of e(ν) mod ( − 1).
Our first task is to find an n > 0 such that
For a proof we refer the reader to [11, Lemma 5.2] . Lemma 10 implies that if ν is a finite place dividing , and χ ν is a nontrivial character in
Another key lemma that we need is the following: The exceptional case in Lemma 11 requires that we consider two cases: p ν splits completely in k z and p ν does not split completely in k z . In the first case, r 0 (ν) = 0 and ζ ∈ k ν . In the second This leads us to consider 
